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Overview, I

Let S be a closed differentiable surface on which we will put a
number of geometric structures.

The basic setting is the thirty year old theory of Hitchin that
relates surface group representations ρ : π1(S) → PSL(n,R) to
holomorphic invariants on a Riemann surface. A fundamental issue
is to understand how the “shapes” of the representation relate to
the “shapes” of the differentials.

Here, we are interested in asymptotics in the Hitchin component,
But I want to stay as close to the holomorphic invariants as I can.

Our results are partial in that we are limited to n = 3, and we stay
in a very limited locus of the character variety, but for that locus,
they are surprisingly complete.

Joint work with John Loftin and Andrea Tamburelli.
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Overview, II

For context, let me back up 30 years or so and describe the model
case of n = 2 (Teichmüller space).

Recall
T (S) = {hyperbolic structures H2/ρ(π1(S)) on S}/Diff0(S). We
may parametrize Teichmüller space by choosing a base Riemann
surface X0, and considering harmonic maps
uρ : X0 → H2/ρ(π1(S)). Each such map has a Hopf differential,
and it turns out that Teichmüller space is parametrized by the
space H0(X0,K

2
X0
) of Hopf differentials.

Consider a ray sq0 of such differentials. The harmonic maps
stretch along a characteristic direction L, i.e. where q0(L, L) > 0,
and contract in the orthogonal direction.

In the end, if we rescale H2 by s
1
2 , the sequence of harmonic maps

converges to a harmonic map to a real tree whose geometry
reflects that horizontal direction L of q0.
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Overview III

I would like to generalize this situation.

PSL(2,R) −→ SL(3,R)
Teichmüller space −→ Hitchin component.

Hopf differentials −→ Cubic (Pick) Differentials.

[Note the Labourie-Loftin paramatrization here of the Hitchin
component of PSL(3,R) representations.]
Harmonic maps to trees −→ conformal harmonic maps to
buildings.

Asymptotic holonomy given by invariants of quad diff. −→
Asymptotic holonomy given by invariants of cubic diff.
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Limitations

We can hope for more general settings,

but we do use that if we
have a representation ρ : π1(S) → SL(3,R),
then when we diagonalize ρ([γ]),
we have that its minimum eigenvalue λ−([γ]) = 1

λ+([γ−1]
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Statements I

The statements require some setup.

Take a cubic differential on a
Riemann surface X0. Consider the ray sC0. Well,
Hitchin-Labourie-Loftin tells us that there is a well-defined proper
family of representations ρs : π1(S) → SL(3,R) whose Hitchin
coordinates are (q2 = 0, q3 = sC0).

We are interested in the holonomy hol(ρs) of the corresponding
flat connection, or equivalently the holonomy of the harmonic map
to the symmetric space, or of the convex RP2 structure (Goldman,
Choi-Goldman).
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Statements II

By our conventions, this holonomy hol(ρs) grows like exp(s
1
3 ).

So
we are interested in

lim
s→+∞

log ∥ hol(ρs)(γ)∥
s

1
3

(1)

where ∥ · ∥ is some appropriate (submultiplicative) norm.

We will not be finding the entire holonomy matrix, alas.

Ok, that is on the holonomy of the representation side of the
Hitchin parametrization, So we turn to the holomorphic invariant
side.
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Statements III

There is some geometry of the cubic differential C0.

Of course,

|C0|
2
3 is a flat singular metric, with cone point singularities at its

zeroes.

Thus [γ] may be represented by a unique geodesic in this metric.
which is a collection of straight lines in the Euclidean portions,
which turn through some angle ⩾ π at the cone points. Write
γ = γn ∪ γn−1 ∪ ... ∪ γ1.
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There is a finer structure to C0.

Look for vectors V for which if
C0 = ψ(z)dz3, then C0(V ,V ,V ) = ψ(z)dz(V )3 = 1..

so we can then imagine some version of an intersection number of
γj with C0..

where we integrate the cosine of the angle with the relevant
foliation.
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Statements IV

Alternatively, if C0 = ψ(z)dz3 has three cube roots ϕ1, ϕ2, ϕ3

and
find intersection numbers Re

∫
γj
ϕ1.

Take the largest of these three periods for each saddle connection
γj – call that number νj – and add up those largest periods to
obtain

n∑
j=1

νj , (2)

some sort of total vector displacement.

Theorem

[Loftin-Tamburelli-W]

lim
s→+∞

log ∥ hol(ρs)(γ)∥
s

1
3

=
n∑

j=1

νj . (3)

so the two constructions agree: asymptotic holonomy is given by
local holomorphic data.
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Asymptotic Holonomy discussion

Theorem

[Loftin-Tamburelli-W]

lim
s→+∞

log ∥ hol(ρs)(γ)∥
s

1
3

=
n∑

j=1

νj . (4)

This theorem is technically a bit strange.

After all, the zeroes –
always important in holomorphic considerations – do not seem to
play a role.

And we are saying that the total holonomy is just given by adding
up the dominant eigenvalues of the flat singular holonomy... as if
we could just lay those segments end-to-end and multiply
holonomies. We’ll describe the reasons for this a bit later.

This statement has a somewhat “tropical” aspect to it that I do
not understand.
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Statements – Second version, I

Consider now instead the conformal harmonic map from X̃0 to the
symmetric space V = SL(3,R)/ SO(3).

Reference fact: the cubic differential C0 = 1 · dz3 corresponds to a
map C → V that is a conformal map to a flat in V .

Now two perspectives agree:

Away from the zeroes of C0, for s large, the cubic differential sC0

looks like dz3, and so the image of that portion of the surface lives
near a flat

.

Alternatively, the map from X̃0 → V is area-minimizing. V is
NPC: nearly flat regions have area growth that is nearly quadratic
while regions with uniform negative curvature have exponential
area growth. So expect that the area-minimizing map stays flat as
much as possible, up to some small pivot regions.
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Statements – Second version, II

So rescale V by the co-diameter ≍ s
1
3 of the image of X̃0.

The flats rescale to flats, while everything else collapses: The
result, in the limit as s → ∞, is an asymptotic cone. The family of
harmonic maps us : X̃0 → V limits to
a harmonic map u∞ : X̃0 → B, where B is a building.

We prove some results that reflect the structure of this limiting
harmonic map.
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Statements – Second version, III

First, the map u∞ is an isometry of the flat singular metric |C0|
2
3

(to the building), off the cone points.

But a refinement is possible:
note that the flats in the building (the apartments retain the Weyl
group action of the flats in V , i.e. dihedral group action on sectors
of angle π/3. Up to rotation, sectors of the cubic differential near
a zero (also angle π/3) get taken onto these sectors in the flats of
the building. There is even a notion of the images of the maps
having a weak convexity.

Moreover, we show

Theorem

[Loftin-Tamburelli-W] Given a representation
ρ : π1(S) → Isom(B), if ρ(π1(S)) does not preserve any totally
geodesic flat subspace in B, then there is a unique equivariant
conformal harmonic map hρ : S̃ → B.
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of angle π/3. Up to rotation, sectors of the cubic differential near
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I wanted to display that theorem, as there have been a number of
authors (Parreau (2000, 2012, 2021),
Katzarkov-Noll-Pandit-Simpson (2015, 2017),
Burger-Iozzi-Parreau-Pozetti 2021) who have theorems and
conjectures about compactifications of representations using
surface group actions on a building.

This results suggests that with suitable hypotheses, all the
buildings are the same, and (perhaps) all come from the
holomorphic data.

As another side remark, we do note that for (many) triangle
groups, the Hitchin component is a disk bounded by a circle, which
is satisfying.
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Reasons

This begins to get technical, but there are a couple of main
conceptual points behind the assertions.

Look at a neighborhood of a zero of sC0, say in coordinates szkdz3.

= ζkdζ3, for ζ = s
1

k+3 z . Then as s → ∞, we are considering the
Higgs bundle or affine sphere defined over the plane C with cubic
differential ζkdζ3. Dumas and I analyzed this 7-10 years ago:
basically, the map in a sector is rapidly asymptotic to a single
standard map to a flat, and moreover maps between sectors (as
one crosses ’Stokes lines’) are unipotent flips that are predictable.

Now look at a saddle connection γ− approaching a zero, and
another saddle connection γ+ leaving that zero. These will lie in
different sectors.

My collaborators carefully analyzed the collection of unipotents
separating these segments, and saw that the maximum eigenvalues
were always related(!).
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